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Figure 15: Calculated and measured strain val-
ues.

Figure 16: Cross section showing horizontal
stains. Tensile strains are positive.

6 Summary and Conclusion

The intention of this paper is to demonstrate
development of a 3D finite element model of a
low traffic road. The development process is
classified into three parts: (a) building a fem
model and (b) estimation of material constants
of bitumen, (c) estimation of material constants
of basecourse and subgrade. The use of x-ray
tomography of a real chip seal core was used
in construction of a surface layer of finite el-
ement model and a stress dependent nonlin-
ear anisotropic material model was used for the
granular base and subgrade.

The material parameter estimation is based
on a nonlinear least squares coupled with finite
element techniques. Nonlinear least squares
minimization is done by constructing an iter-
ative procedure using MATLAB’s inbuilt func-
tion lsqnonlin and at each iteration, finite el-
ement solutions to the deformation are solved
using the ABAQUS Finite element program.

An examples given in section 5 demonstrates

how the model is able to determine the con-
stants appearing in the model and predict the
deformation behaviour. The results from these
examples suggest that the inverse model de-
scribed above is capable of estimating the con-
stants to a reasonable degree of accuracy.
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1. Introduction  

Quantization is commonly 
understood as the transition from classical 
to quantum mechanics. One may also say, 
to a certain extent, quantization relates to a 
larger discipline than just restricting to 
specific do-mains of physics. In physics, 
the quantization is a procedure that 
associates with an algebra 𝐴𝐴𝐴𝐴𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 of classical 
observables an algebra 𝐴𝐴𝐴𝐴𝑞𝑞𝑞𝑞 of quantum 
observables. The algebra 𝐴𝐴𝐴𝐴𝑞𝑞𝑞𝑞 is usually 
realized as a commutative Poisson algebra 
of derivable functions on a symplectic (or 
phase) space𝑋𝑋𝑋𝑋. The algebra 𝐴𝐴𝐴𝐴𝑞𝑞𝑞𝑞 is, 
however, non-commutative in general and 
the quantization procedure must pro-vide a 
correspondence 𝐴𝐴𝐴𝐴𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ⟼ 𝐴𝐴𝐴𝐴𝑞𝑞𝑞𝑞 ∶  𝑓𝑓𝑓𝑓 ⟼ 𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓 . 
 

Most physical quantum theories 
may be obtained as the result of a canonical 
quantization procedure which simply 
replaces the classical variables by quantum 
observables. 

 
However, among the various quantization 
procedures available in the literature, the 
coherent state quantization (CS 
quantization) appear quite arbitrary 
because the only structure that a space X 
must possess is a measure. Once a family 
of CS or frame labeled by a measure space 
X is given one can quantize the measure 
space X. Various quantization schemes and 
their advantages and drawbacks are 
discussed in detail, for example, in [2, 3, 4, 
5]. 
  

Due to the non commutativity of 
quaternions, quaternionic Hilbert spaces 
are formed by right or left multiplication of 
vectors by quaternionic scalars; the two 
different conventions give isomorphic 
versions of the theory. Quaternions can 
always be represented, through symplectic 
component functions, as a pair of complex 
numbers and thereby quaternions possess a 
symplectic structure. However, the 
quaternionic quantum mechanics is 
inequivalent to complex quantum 
mechanics. In analogy with the complex 
quantum mechanics (CQM), states of 
quaternionic quantum mechanics (QQM) 
are described by vectors of a separable 
quaternionic Hilbert space and observables 
in QQM are represented by quaternion 
linear and self-adjoint operators [6]. 
 

The CS quantization in the CQM is 
a well-known and well-studied problem. 
Using the method of CS quantization, 
various phase spaces such as complex 
field, complex unit 
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that the states providing equality in the uncer-
tainty relation do not, in general, reach min-
imum uncertainty. The uncertainty relation
limits the precise knowledge of conjugate phys-
ical quantities of a system. The states which
minimize the uncertainty relation can describe
the quantum system as precisely as possible.
First, for given two self-adjoint operators A and
B, one can obtain, using the Cauchy-Schwartz
inequality, the uncertainty relation,

(1.1) 〈∆A〉〈∆B〉 ≥ 1
2
|〈[A,B]〉|,

where the variance is given by

〈∆A〉 =
[〈ψ|A2|ψ〉 − 〈ψ|A|ψ〉2] 1

2

and the expectation values are taken over the
normalized states of the system. States for
which equality is achieved in (1.1) are called in-
telligent states. States which also minimize the
uncertainty product (1.1) are called minimum
uncertainty states. For position and momen-
tum observables Q and P , if the commutation
relation is the multiple of the identity opera-
tor, [Q,P ] = iI, the right hand side of (1.1) is
state-independent. In this case, the intelligent
states and the minimum uncertainty states co-
incide and in CQM these states are the canon-
ical CS of the harmonic oscillator. However, in
the general case, if [A,B] = iC, where C is an
operator different from the identity operator,
then intelligent states and the minimum uncer-
tainty states are generally different. Intelligent
states |λ〉AB for operators A and B are deter-
mined from the eigenvalue equation,

(A + iγB)|λ〉AB = λ|λ〉AB,

where λ is a complex eigenvalue and γ is a real
parameter. For details we refer the reader to
[10] and the references therein.
The operator properties of CQM do not trans-
late directly to the operators of QQM [11]. In
this article for QQM, using the CS quantization
and the position and momentum observables
obtained in [1], we show that the right quater-
nionic canonical CS saturate the Heisenberg
uncertainty relation, and thereby they form
a set of minimum uncertainty and intelligent
states.

2. Mathematical preliminaries

In order to make the paper self-contained, we
recall a few facts about quaternions which may
not be well-known. In particular, we revisit the

2×2 complex matrix representations of quater-
nions, quaternionic Hilbert spaces. For further
details we refer the deader to [6, 12, 11, 14, 16].

2.1. Quaternions. Let H denote the field of
quaternions. Its elements are of the form q =
x0 + x1i + x2j + x3k where x0, x1, x2 and x3

are real numbers, and i, j, k are imaginary units
such that i2 = j2 = k2 = −1, ij = −ji = k,
jk = −kj = i and ki = −ik = j. The
quaternionic conjugate of q is defined to be
q = x0 − x1i − x2j − x3k. We shall find it
convenient to use the representation of quater-
nions by 2 × 2 complex matrices:

(2.1) q = x0σ0 + ix · σ,

with x0 ∈ R, x = (x1, x2, x3) ∈ R3, σ0 = I2,
the 2×2 identity matrix, and σ = (σ1,−σ2, σ3),
where the σ�, � = 1, 2, 3 are the usual Pauli ma-
trices. The quaternionic imaginary units are
identified as, i =

√−1σ1, j = −√−1σ2, k =√−1σ3. Thus,

(2.2) q =
(

x0 + ix3 −x2 + ix1

x2 + ix1 x0 − ix3

)

and q = q† (matrix adjoint) . Introducing
the polar coordinates:

x0 = r cos θ,

x1 = r sin θ sinφ cos ψ,

x2 = r sin θ sinφ sinψ,

x3 = r sin θ cos φ,

where (r, φ, θ, ψ) ∈ [0,∞)× [0, π]× [0, 2π)2, we
may write

(2.3) q = A(r)eiθσ(n̂),

where

(2.4) A(r) = rσ0

and

(2.5) σ(n̂) =
(

cos φ sinφeiψ

sinφe−iψ − cos φ

)
.

The matrices A(r) and σ(n̂) satisfy the condi-
tions,
(2.6)

A(r) = A(r)†, σ(n̂)2 = σ0, σ(n̂)† = σ(n̂)

and [A(r), σ(n̂)] = 0. Note that a real norm on
H is defined by

|q|2 := qq = r2σ0 = (x2
0 + x2

1 + x2
2 + x2

3)I2.

A typical measure on H may take the form

(2.7) dς(r, θ, φ, ψ) = dτ(r) dθ dΩ(φ, ψ)
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with dΩ(φ, ψ) =
1
4π

sinφdφ dψ. Note also that
for p,q ∈ H, we have pq = q p, pq �= qp,
qq = qq, and real numbers commute with
quaternions. In defining the position and mo-
mentum operators, we shall also need the sliced
version of quaternions. We borrow the materi-
als as needed here from [13]. Let

S = {q = x1i + x2j + x3j |
x1, x2, x3 ∈ R, x2

1 + x2
2 + x2

3 = 1},
we call it a quaternion sphere. For any non-
real quaternion q ∈ H �R, there exist, and are
unique, x, y ∈ R with y > 0, and I ∈ S such
that q = x + yI. For every quaternion I ∈ S,
the complex line LI = R + IR passing through
the origin, and containing 1 and I, is called a
quaternion slice. Thereby, we can see that

(2.8) H =
⋃
I∈S

LI and
⋂
I∈S

LI = R

One can also easily see that LI ⊂ H is com-
mutative, while, elements from two different
quaternion slices, LI and LJ (for I, J ∈ S with
I �= J), do not necessarily commute.

2.2. Quaternionic Hilbert spaces. In this
subsection we define left and right quater-
nionic Hilbert spaces. For details we refer the
reader to [6]. We also define the Hilbert space
of square integrable functions on quaternions
based on [17, 11, 14].

2.2.1. Right Quaternionic Hilbert Space. Let
V R

H be a linear vector space under right mul-
tiplication by quaternionic scalars (again H
standing for the field of quaternions). For
f, g, h ∈ V R

H and q ∈ H, the inner product

〈· | ·〉 : V R
H × V R

H −→ H

satisfies the following properties
(i) 〈f | g〉 = 〈g | f〉
(ii) ‖f‖2 = 〈f | f〉 > 0 unless f = 0, a real

norm
(iii) 〈f | g + h〉 = 〈f | g〉 + 〈f | h〉
(iv) 〈f | gq〉 = 〈f | g〉q
(v) 〈fq | g〉 = q〈f | g〉

where q stands for the quaternionic conjugate.
We assume that the space V R

H is complete un-
der the norm given above. Then, together with
〈· | ·〉 this defines a right quaternionic Hilbert
space, which we shall assume to be separable.
Quaternionic Hilbert spaces share most of the
standard properties of complex Hilbert spaces.
In particular, the Cauchy-Schwartz inequality

holds on quaternionic Hilbert spaces as well as
the Riesz representation theorem for their du-
als. Thus, the Dirac bra-ket notation can be
adapted to quaternionic Hilbert spaces:

| fq〉 =| f〉q, 〈fq |= q〈f | ,

for a right quaternionic Hilbert space, with |f〉
denoting the vector f and 〈f | its dual vector.
Let OR be an operator on a right quaternionic
Hilbert space. The scalar multiplication of OR

should be written as qOR and the action must
take the form [6]

(2.9) (qOR) | f〉 = (OR | f〉)q.

The adjoint O†
R of OR is defined as

〈g | ORf〉 = 〈O†
Rg | f〉; for all f, g ∈ V R

H .

2.2.2. Left Quaternionic Hilbert Space. Let V L
H

be a linear vector space under left multiplica-
tion by quaternionic scalars. For f, g, h ∈ V L

H
and q ∈ H, the inner product

〈· | ·〉 : V L
H × V L

H −→ H

satisfies the following properties
(i) 〈f | g〉 = 〈g | f〉
(ii) ‖f‖2 = 〈f | f〉 > 0 unless f = 0, a real

norm
(iii) 〈f | g + h〉 = 〈f | g〉 + 〈f | h〉
(iv) 〈qf | g〉 = q〈f | g〉
(v) 〈f | qg〉 = 〈f | g〉q

Again, we shall assume that the space V L
H to-

gether with 〈· | ·〉 is a separable Hilbert space.
Also,

(2.10) | qf〉 =| f〉q, 〈qf |= q〈f | .

Note that, because of our convention for in-
ner products, for a left quaternionic Hilbert
space, the bra vector 〈f | is to be identified
with the vector itself, while the ket vector | f〉
is to be identified with its dual. Note also that
there is a natural left multiplication by quater-
nionic scalars on the dual of a right quater-
nionic Hilbert space and a similar right mul-
tiplication on the dual of a left quaternionic
Hilbert space.
Separable quaternionic Hilbert spaces admit
countable orthonormal bases. Let V R

H be
a right quaternionic Hilbert space and let
{ev}N

ν=0 (N could be finite or infinite) be an
orthonormal basis for it. Then, 〈eν | eµ〉 = δνµ

and any vector f ∈ V R
H has the expansion

f =
∑

ν eνfν , with fν = 〈eν | f〉 ∈ H. Us-
ing such a basis, it is possible to introduce a
multiplication from the left on V R

H by elements
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of H. Indeed, for f ∈ V R
H and q ∈ H we define,

(2.11) qf =
∑

ν

eν(qfν).

Further, 〈qf | g〉 = 〈f | qg〉 (see [18]). The
field of quaternions H itself can be turned into
a left quaternionic Hilbert space by defining
the inner product 〈q | q′〉 = qq′† = qq′ or
into a right quaternionic Hilbert space with
〈q | q′〉 = q†q′ = qq′.

2.2.3. Quaternionic Hilbert Spaces of Square
Integrable Functions. Let (X,µ) be a measure
space and H the field of quaternions, then

{
f : X → H

∣∣∣∣
∫

X
|f(x)|2dµ(x) < ∞

}

is a right quaternionic Hilbert space which is
denoted by L2

H(X, µ), with the (right) scalar
product

(2.12) 〈f | g〉 =
∫

X
f(x)g(x)dµ(x),

where f(x) is the quaternionic conjugate of
f(x), and (right) scalar multiplication fa, a ∈
H, with (fa)(q) = f(q)a (see [14, 17] for de-
tails). Similarly, one could define a left quater-
nionic Hilbert space of square integrable func-
tions.

3. Coherent states on right
quaternion Hilbert spaces

The main content of this section is extracted
from [20] as needed here. For an enhanced ex-
planation we refer the reader to [20]. In [20]
the authors have defined coherent states on V R

H

and V L
H , and also established the normalization

and resolution of the identities for each of them.
We briefly revisit the coherent states of V R

H and
the normalization and resolution of the iden-
tity. Let {| fm〉}∞m=0 be an orthonormal basis
of V R

H . For q ∈ V R
H , the coherent states are

defined as vectors in V R
H in the form of

(3.1) | q〉 = N (| q |)− 1
2

∞∑

m=0

| fm〉 qm

√
ρ(m)

,

where N (|q|) is the normalization factor and
{ρ(m)}∞m=0 is a positive sequence of real num-
bers. Using conditions (2.6), we can determine
the normalization factor N (| q |), and the res-
olution of the identity. In order for the norm

of | q〉 to be finite, we must have

(3.2) 〈q | q〉 = N (| q |)−1
∞∑

m=0

r2m

ρ(m)
< ∞.

Therefore, if the positive sequence {ρ(m)}∞m=0

of real numbers converges to  > 0, then we are
required to restrict the domain into

(3.3) D = [0,
√

 ) × [0, π] × [0, 2π)2

so that the convergence of the above series is
guaranteed. The typical measure (2.7) is an
appropriate one on the domain D too. By re-
quiring 〈q | q〉 = 1, the normalization factor is
obtained as

(3.4) N (| q |) =
∞∑

m=0

r2m

ρ(m)
.

Using the measure dς(r, θ, φ, ψ) one can obtain
the following operator valued integral on the
domain D of (3.3):

(3.5)
∫

D
| q〉〈q | dς(r, θ, φ, ψ) =

∞∑

m=0

2π

ρ(m)
Im,

where Im is
∫ √

�

0

r2m

N (| q |) | fm〉〈fm | dτ(r),

and in obtaining it we have used the identity
(3.6)∫∫∫

E
ei(m−l)θσ(n̂) sinφdφ dθ dϕ = 2πδmlI2,

where δml is the Kronecker’s delta and E =
[0, 2π) × [0, π) × [0, 2π). The resolution of the
identity,

(3.7)
∫

D
| q〉〈q | dς(r, θ, φ, ψ) = IV R

D
,

where IV R
D

is the identity operator on V R
D , is

obtained if there is a measure to satisfy the
moment problem,

(3.8)
2π

ρ(m)

∫ √
�

0

r2m

N (| q |)dτ(r)I2 = I2.

If the measure dτ(r) is chosen such that

(3.9) dτ(r) =
N (| q |)

2π
λ(r)dr,

then there exists an auxiliary density λ(r) to
solve (3.8), that is, we get

(3.10)
∫ √

�

0
r2mλ(r)drI2 = ρ(m)I2.

Particularly, if ρ(m) = m!, then the normaliza-
tion factor N (| q |) = e|q|2 and  = ∞. The
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of H. Indeed, for f ∈ V R
H and q ∈ H we define,

(2.11) qf =
∑

ν

eν(qfν).

Further, 〈qf | g〉 = 〈f | qg〉 (see [18]). The
field of quaternions H itself can be turned into
a left quaternionic Hilbert space by defining
the inner product 〈q | q′〉 = qq′† = qq′ or
into a right quaternionic Hilbert space with
〈q | q′〉 = q†q′ = qq′.

2.2.3. Quaternionic Hilbert Spaces of Square
Integrable Functions. Let (X,µ) be a measure
space and H the field of quaternions, then

{
f : X → H

∣∣∣∣
∫

X
|f(x)|2dµ(x) < ∞

}

is a right quaternionic Hilbert space which is
denoted by L2

H(X, µ), with the (right) scalar
product

(2.12) 〈f | g〉 =
∫

X
f(x)g(x)dµ(x),

where f(x) is the quaternionic conjugate of
f(x), and (right) scalar multiplication fa, a ∈
H, with (fa)(q) = f(q)a (see [14, 17] for de-
tails). Similarly, one could define a left quater-
nionic Hilbert space of square integrable func-
tions.

3. Coherent states on right
quaternion Hilbert spaces

The main content of this section is extracted
from [20] as needed here. For an enhanced ex-
planation we refer the reader to [20]. In [20]
the authors have defined coherent states on V R

H

and V L
H , and also established the normalization

and resolution of the identities for each of them.
We briefly revisit the coherent states of V R

H and
the normalization and resolution of the iden-
tity. Let {| fm〉}∞m=0 be an orthonormal basis
of V R

H . For q ∈ V R
H , the coherent states are

defined as vectors in V R
H in the form of

(3.1) | q〉 = N (| q |)− 1
2

∞∑

m=0

| fm〉 qm

√
ρ(m)

,

where N (|q|) is the normalization factor and
{ρ(m)}∞m=0 is a positive sequence of real num-
bers. Using conditions (2.6), we can determine
the normalization factor N (| q |), and the res-
olution of the identity. In order for the norm

of | q〉 to be finite, we must have

(3.2) 〈q | q〉 = N (| q |)−1
∞∑

m=0

r2m

ρ(m)
< ∞.

Therefore, if the positive sequence {ρ(m)}∞m=0

of real numbers converges to  > 0, then we are
required to restrict the domain into

(3.3) D = [0,
√

 ) × [0, π] × [0, 2π)2

so that the convergence of the above series is
guaranteed. The typical measure (2.7) is an
appropriate one on the domain D too. By re-
quiring 〈q | q〉 = 1, the normalization factor is
obtained as

(3.4) N (| q |) =
∞∑

m=0

r2m

ρ(m)
.

Using the measure dς(r, θ, φ, ψ) one can obtain
the following operator valued integral on the
domain D of (3.3):

(3.5)
∫

D
| q〉〈q | dς(r, θ, φ, ψ) =

∞∑

m=0

2π

ρ(m)
Im,

where Im is
∫ √

�

0

r2m

N (| q |) | fm〉〈fm | dτ(r),

and in obtaining it we have used the identity
(3.6)∫∫∫

E
ei(m−l)θσ(n̂) sinφdφ dθ dϕ = 2πδmlI2,

where δml is the Kronecker’s delta and E =
[0, 2π) × [0, π) × [0, 2π). The resolution of the
identity,

(3.7)
∫

D
| q〉〈q | dς(r, θ, φ, ψ) = IV R

D
,

where IV R
D

is the identity operator on V R
D , is

obtained if there is a measure to satisfy the
moment problem,

(3.8)
2π

ρ(m)

∫ √
�

0

r2m

N (| q |)dτ(r)I2 = I2.

If the measure dτ(r) is chosen such that

(3.9) dτ(r) =
N (| q |)

2π
λ(r)dr,

then there exists an auxiliary density λ(r) to
solve (3.8), that is, we get

(3.10)
∫ √

�

0
r2mλ(r)drI2 = ρ(m)I2.

Particularly, if ρ(m) = m!, then the normaliza-
tion factor N (| q |) = e|q|2 and  = ∞. The
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resolution of the identity can be established for
(3.1) with λ(r) = 2re−r2

. In this case D = H
and the CS are called right quaternionic canon-
ical coherent states (RQCS). For the purpose
of quatizing the quaternions we shall use these
canonical set of CS.

4. Coherent state quantization:
General scheme

Let (X, µ) be a measure space and L2(X, µ)
be given by{

f : X → C |
∫

X
|f(x)|2dµ(x) < ∞

}
.

The Berezin-Toeplitz or anti-Wick or coherent
state quantization, as used by various authors
in the literature, associates a classical observ-
able that is a function f(x) on X to an operator
valued integral. We continue with the general
procedure described in [3] and applied, for ex-
ample, in [9, 8, 7].
Choose a countable orthonormal basis

O = {φn | n = 0, 1, 2 · · · }
in L2(X, µ), that is

(4.1) 〈φn|φm〉 =
∫

X
φn(x)φm(x)dµ(x) = δmn,

and assume that

(4.2) 0 <

∞∑

n=0

|φn(x)|2 := N (x) < ∞ a.e.

holds. Let H be a separable complex Hilbert
space with orthonormal basis {|en〉 | n =
0, 1, 2 · · · } in 1-1 correspondence with O. In
particular H can be taken as H = spanO in
L2(X, µ), where the bar stands for the closure.
Then the family FH = {|x〉 | x ∈ X} with

(4.3) |x〉 = N (x)−
1
2

∞∑

n=0

φn(x)|en〉 ∈ H

forms a set of coherent states(CS). From (4.1)
and (4.2) we have

〈x|x〉 = 1(4.4) ∫

X
N (x)|x〉〈x|dµ(x) = IH,(4.5)

where IH is the identity operator on H. We call
the set FH a set of CS only for satisfying the
normalization and a resolution of the identy.
Equation (4.5) allows us to implement CS or
frame quantization of the set of parameters X
by associating a function

X � x �→ f(x)

that satisfies appropriate conditions the follow-
ing operator in H

(4.6) f(x) �→ Af =
∫

X
N (x)f(x)|x〉〈x|dµ(x).

The matrix elements of Af with respect to the
basis {|en〉} are give by

(Af )mn = 〈em|Af |en〉
=

∫

X
f(x)φm(x)φn(x)dµ(x).

The operator Af is
(a) symmetric if f(x) is real valued;
(b) bounded if f(x) is bounded;
(c) self-adjoint if f(x) is real semi-bounded

(through Friedrich’s extension).
In order to view the upper symbol f of Af as
a quantizable object (with respect to the fam-
ily FH) a reasonable requirement is that the
so-called lower symbol of Af defined as

f̌(x) = 〈x|Af |x〉
=

∫

X
N (x′)f(x′)|〈x|x′〉|2dµ(x′)

be a smooth function on X with respect to
some topology assigned to the set X. As-
sociating to the classical observable f(x) the
mean value 〈x|Af |x〉 one can also get the so-
called Berezin transform B[f ] with B[f ](x) =
〈x|Af |x〉, for example, see [15] for details.

5. Quantization of the quaternions

In this section we shall adapt the gen-
eral procedure outlined in the above setion to
quaternions. Since (H, dς(r, θ, φ, ψ)) is a mea-
sure space, the set{

f : H → H |
∫

H
|f(q)|2dς(r, θ, φ, ψ) < ∞

}

is the space of right quaternionic square
integrable functions and is denoted by
L2

H(H, dς(r, θ, φ, ψ)). Define the sequence of
functions {φn}∞n=0 such that

φn : H −→ H

by

(5.1) φn(q) =
qn

√
n!

, for all q ∈ H.

Then φn ∈ L2
H(H, dς(r, θ, φ, ψ)), for all n =

0, 1, 2 · · · and from (3.6) 〈φm | φn〉 = δmn (see
[20]). That is,

O = {φn | n = 0, 1, 2 · · · }
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is an orthonormal set in L2
H(H, dς(r, θ, φ, ψ)).

The right quaternionic span of O is the space
of anti-right-regular functions [19] (the counter
part of complex anti-holomorphic functions).
Let H be a separable right quaternionic Hilbert
space with an orthonormal basis

E = { | en〉 | n = 0, 1, 2 · · · }
which is in 1− 1 correspondence with O. Then
the coherent states (3.1) become

(5.2) | γq〉 = e|q|
− 1

2

∞∑

m=0

| em〉φm.

Using the set of CS (5.2) we shall establish the
coherent state quantization on H by associating
a function

H � q �−→ f(q,q).

Now let us define the operator on H by

(5.3) f(q,q) �→ Af ,

where Af is given by the operator valued inte-
gral

(5.4) Af =
∫

H
| γq〉f(q,q)〈γq | dς(r, θ, φ, ψ).

Remark 5.1. The operator Af is formed by
the vector | γq〉f(q,q), which is the right
scalar multiple of the vector | γq〉 by the scalar
f(q,q), and the dual vector 〈γq |. Instead if
one takes

(5.5) Af =
∫

H
f(q,q) | γq〉〈γq | dς(r, θ, φ, ψ),

then it is formed by f(q,q) | γq〉 (a left scalar
multiple of a right Hilbert space vector) and
the dual vector 〈γq |, which is unconventional
. Further, due to the noncommutativity of
quaternions, the Af in the form (5.5) shall
cause severe technical problems in the follow
up computations.

Now

Af =
∫

H
| γq〉f(q,q)〈γq | dς(r, θ, φ, ψ)

=
∞∑

m=0

∞∑

l=0

| em〉Jm,l〈el |√
m! l!

;

where the integral Jm,l is given by
∫∫∫∫

[0,∞)×[0,π]×[0,2π)2

qmf(q,q)ql

er2 dς(r, θ, φ, ψ).

By direct calculation we have that if f(q,q) =
q, then

(5.6) Aq =
∞∑

m=0

√
(m + 1) | em〉〈em+1 |

and if f(q,q) = q, then

(5.7) Aq =
∞∑

m=0

√
(m + 1) | em+1〉〈em | .

Moreover if f(q,q) = 1, then A1 = IH. It
should be mentioned that, since the operator
Af is a quaternionic operator, the usual prop-
erties of its complex counterpart may not hold.
In this regard, each property used must be val-
idated. First let |f〉, |g〉 ∈ H. Since H is a right
Hilbert space, there are scalars {αl}, {βj} in H
such that

|f〉 =
∞∑

l=0

|el〉αl and |g〉 =
∞∑

j=0

|ej〉βj .

With these it can be seen that

〈Aqg | f〉 = 〈g | Aqf〉

=
∞∑

m=0

βlαm+1

√
m + 1.

That is,

〈Aqg | f〉 = 〈g | Aqf〉; for all |f〉, |g〉 ∈ H.

Hence Aq is the adjoint of Aq and vice-versa.
Now Af is an operator from H to H, and if
H = spanO (right linear span over H), then it
is a subspace of L2

H(H, dς(r, θ, φ, ψ)). That is,

Af : H −→ H by Af (u) = Af | u〉,
for all |u〉 ∈ H. Hence, Af (u) will be deter-
mined by this integral∫

H
| γq〉f(q,q)〈γq | u〉dς(r, θ, φ, ψ).

Moreover, for each |u〉 ∈ H, Af | u〉 ∈ H. For
|u〉, |v〉 ∈ H, it can also be considered as a func-
tion

Af : H×H −→ H by Af (u, v) = 〈u | Af | v〉.
Thereby, Af (u, v) will be determined by the
quaternion valued integral∫

H
〈u | γq〉f(q,q)〈γq | v〉dς(r, θ, φ, ψ).

Since | γq〉 is a column vector and 〈γq | is a
row vector, we can see that the operator Af is
a matrix and the matrix elements with respect
to the basis {| en〉} are given by

(Af )mn = 〈em | Af | en〉.
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is an orthonormal set in L2
H(H, dς(r, θ, φ, ψ)).

The right quaternionic span of O is the space
of anti-right-regular functions [19] (the counter
part of complex anti-holomorphic functions).
Let H be a separable right quaternionic Hilbert
space with an orthonormal basis

E = { | en〉 | n = 0, 1, 2 · · · }
which is in 1− 1 correspondence with O. Then
the coherent states (3.1) become

(5.2) | γq〉 = e|q|
− 1

2

∞∑

m=0

| em〉φm.

Using the set of CS (5.2) we shall establish the
coherent state quantization on H by associating
a function

H � q �−→ f(q,q).

Now let us define the operator on H by

(5.3) f(q,q) �→ Af ,

where Af is given by the operator valued inte-
gral

(5.4) Af =
∫

H
| γq〉f(q,q)〈γq | dς(r, θ, φ, ψ).

Remark 5.1. The operator Af is formed by
the vector | γq〉f(q,q), which is the right
scalar multiple of the vector | γq〉 by the scalar
f(q,q), and the dual vector 〈γq |. Instead if
one takes

(5.5) Af =
∫

H
f(q,q) | γq〉〈γq | dς(r, θ, φ, ψ),

then it is formed by f(q,q) | γq〉 (a left scalar
multiple of a right Hilbert space vector) and
the dual vector 〈γq |, which is unconventional
. Further, due to the noncommutativity of
quaternions, the Af in the form (5.5) shall
cause severe technical problems in the follow
up computations.

Now

Af =
∫

H
| γq〉f(q,q)〈γq | dς(r, θ, φ, ψ)

=
∞∑

m=0

∞∑

l=0

| em〉Jm,l〈el |√
m! l!

;

where the integral Jm,l is given by
∫∫∫∫

[0,∞)×[0,π]×[0,2π)2

qmf(q,q)ql

er2 dς(r, θ, φ, ψ).

By direct calculation we have that if f(q,q) =
q, then

(5.6) Aq =
∞∑

m=0

√
(m + 1) | em〉〈em+1 |

and if f(q,q) = q, then

(5.7) Aq =
∞∑

m=0

√
(m + 1) | em+1〉〈em | .

Moreover if f(q,q) = 1, then A1 = IH. It
should be mentioned that, since the operator
Af is a quaternionic operator, the usual prop-
erties of its complex counterpart may not hold.
In this regard, each property used must be val-
idated. First let |f〉, |g〉 ∈ H. Since H is a right
Hilbert space, there are scalars {αl}, {βj} in H
such that

|f〉 =
∞∑

l=0

|el〉αl and |g〉 =
∞∑

j=0

|ej〉βj .

With these it can be seen that

〈Aqg | f〉 = 〈g | Aqf〉

=
∞∑

m=0

βlαm+1

√
m + 1.

That is,

〈Aqg | f〉 = 〈g | Aqf〉; for all |f〉, |g〉 ∈ H.

Hence Aq is the adjoint of Aq and vice-versa.
Now Af is an operator from H to H, and if
H = spanO (right linear span over H), then it
is a subspace of L2

H(H, dς(r, θ, φ, ψ)). That is,

Af : H −→ H by Af (u) = Af | u〉,
for all |u〉 ∈ H. Hence, Af (u) will be deter-
mined by this integral∫

H
| γq〉f(q,q)〈γq | u〉dς(r, θ, φ, ψ).

Moreover, for each |u〉 ∈ H, Af | u〉 ∈ H. For
|u〉, |v〉 ∈ H, it can also be considered as a func-
tion

Af : H×H −→ H by Af (u, v) = 〈u | Af | v〉.
Thereby, Af (u, v) will be determined by the
quaternion valued integral∫

H
〈u | γq〉f(q,q)〈γq | v〉dς(r, θ, φ, ψ).

Since | γq〉 is a column vector and 〈γq | is a
row vector, we can see that the operator Af is
a matrix and the matrix elements with respect
to the basis {| en〉} are given by

(Af )mn = 〈em | Af | en〉.
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That is, (Af )mn is determined by the integral
∫

H
〈em | γq〉f(q,q)〈γq | en〉dς(r, θ, φ, ψ).

We have

〈em | γq〉 = N (| q |)− 1
2 φm(q)

and

〈γq | en〉 = 〈en | γq〉 = N (| q |)− 1
2 φn(q).

Therefore, (Af )mn is given by
∫

H
N (| q |)−1φm(q)f(q,q)φn(q).dς(r, θ, φ, ψ).

Hence, it can easily be seen that

(Aq)k,l =
{ √

k + 1 if l = k + 1
0 if l �= k + 1,

(Aq)k,l =
{ √

k if l = k − 1
0 if l �= k − 1.

Let us realize the operator Af as annihilation
and creation operators. From (5.6) and (5.7)
we have Aq | e0〉 = 0 ,

Aq | em〉 =
√

m | em−1〉 ; m = 1, 2, · · ·
and

Aq | em〉 =
√

m + 1 | em+1〉 ; m = 0, 1, 2, · · ·
That is, Aq, Aq are annihilation and creation
operators respectively. Moreover, one can eas-
ily see that Aq | γq〉 =| γq〉q, which is in com-
plete analogy with the action of the annihila-
tion operator on the ordinary harmonic oscilla-
tor CS and the result obtained in [20]. Now a
direct calculation shows that

AqAq =
∞∑

m=0

(m + 1) | em〉〈em |

and

AqAq =
∞∑

m=0

(m + 1) | em+1〉〈em+1 | .

Thereby the commutator of Aq, Aq takes the
form

[Aq, Aq] = AqAq − AqAq

=
∞∑

m=0

| em〉〈em |= IH.

5.1. Number, position and momentum
operators and Hamiltonian. Let N =
AqAq, then we have

N | ek〉 = AqAq | ek〉

=
∞∑

m=0

| em+1〉〈em+1 | ek〉(m + 1)

= | ek〉k.

Thereby N acts as the number operator and
the Hilbert space H is the quaternionic Fock
space (for quaternion Fock spaces see [21]). As
an analogue of the usual harmonic oscillator
Hamiltonian, if we take Ĥ = N + IH, then
Ĥ | en〉 =| en〉(n + 1), which is a Hamilton-
ian in the right quaternionic Hilbert space H
with spectrum (n + 1) and eigenvector | en〉.
Remark 5.2. In the complex quantum mechan-
ics, for the canonical CS, | z〉, z ∈ C, the lower
symbol or the expectation value of the num-
ber operator, 〈z|N |z〉, is precisely |z|2. The
position and momentum coordinates are q =
1√
2
(z+z) and p = −i√

2
(z−z) and by linearity one

infers that the position and momentum opera-
tors as Q = 1√

2
(Az+Az) and P = −i√

2
(Az−Az).

The CS quantized classical harmonic oscillator,
Ĥ = 1

2(q2 + p2) is AĤ = A|z|2 = N + IH,
where IH is the identity operator of the Fock
space. The operators Q and P satisfy the
commutation rule [Q,P ] = iIH and are self-
adjoint. If one simply takes the canonical quan-
tization of the classical Hamiltonian it becomes
Ĥ = 1

2(Q2 + P 2) = N + 1
2IH. For details we

refer the reader to [9, 3].

In the case of quaternions we have three
imaginary units, i, j and k, and if one try to
duplicate the position and momentum coordi-
nates with one of i, j or k, that is, if we take

q =
1√
2
(q + q) and p =

−i√
2
(q − q),

then a simple calculation shows that Ĥ =
1
2(q2 + p2) �= |q|2. However, the lower sym-
bol of N is 〈γq | N | γq〉 = |q|2 and through
a rather lengthy calculation we can see that
A|q|2 = N + IH. The best way to avoid the dif-
ficulty in defining the position and momentum
coordinates is to consider quaternion slices.

Remark 5.3. From now on we restrict the anal-
ysis to a quaternion slice LI . However, we shall
be using the same symbols for notational con-
venience. The reader should understand it in
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the following sense:

|γq〉 = |γq〉 |LI
,

which still forms a set of RQCS with the same
normalization factor with q ∈ LI and a resolu-
tion of identity with the measure dµ(r, θ) =
1
2π re−r2

drdθ and the identity operator II
H,

which is the identity operator on the Hilbert
space H over the field LI . All other opera-
tors should also be understood in the same way.
That is

Aq = AI
q, Aq̄ = AI

q̄, , Q = QI , P = PI .

In this regard, let q ∈ H, then there exists
I ∈ S such that q = x + Iy for some x, y ∈ R.
Now note that qI = (x+Iy)I = I(x+Iy) = Iq,
similarly qI = (x − Iy)I = I(x − Iy) = Iq.
That is, the commutativity holds among I, q
and q. Let us define the position and momen-
tum coordinates by

q =
1√
2
(q + q) and p =

−I√
2
(q − q),

then, with the aid of the commutativity among
I,q and q, the Hamiltonian can be calculated
as

Ĥ =
1
2
(
q2 + p2

)
= |q|2.

Recall that on a right quaternionic Hilbert
space operators are multiplied on the left by
quaternion scalars. From the position and mo-
mentum coordinates, using linearity, we get the
position operator, Q, and the momentum op-
erator, P , as

Q =
1√
2

(Aq + Aq) and

P =
−I√

2
(Aq − Aq) .

Since (Aq)† = Aq and (−I)† = I, the operators
P and Q are self-adjoint. Using the fact (2.9)
we can see that Aq(IAq) = IAqAq. With the
aid of this we get

QP =
[
(Aq + Aq)√

2

] [
−I

(Aq − Aq)√
2

]

= −1
2
I [Aq

2 + AqAq − AqAq − Aq
2]

and

PQ =
[
−I

(Aq − Aq)√
2

] [
(Aq + Aq)√

2

]

= −1
2
I [Aq

2 − AqAq + AqAq − Aq
2].

Thereby we have the commutator

[Q,P ] = QP − PQ = I [Aq, Aq] = IIH.

We also have

Q2 =
1
2

[Aq
2 + AqAq + AqAq + Aq

2] and

P 2 = −1
2

[Aq
2 − AqAq − AqAq + Aq

2]

Hence

Ĥ =
Q2 + P 2

2
=

1
2
[AqAq + AqAq]

= AqAq +
1
2
[AqAq − AqAq]

= N +
1
2

IH,

which is in complete analogy with the com-
plex case in the sense of canonical quantiza-
tion, which simply replaces the classical coor-
dinates by quantum observables (correspond-
ing self-adjoint operators).

5.2. Heisenberg uncertainty. In the follow-
ing we shall show that the RQCS saturate the
Heisenberg uncertainty relation and thereby
they form a set of intelligent states. We shall
also demonstrate that the RQCS are, in fact,
minimum uncertainty states. In order to com-
pute the expectation values of the involved op-
erators recall that Aq|e0〉 = 0,

Aq|em〉 =
√

m|em−1〉; m = 1, 2, · · ·
Aq̄|em〉 =

√
m + 1|em+1〉; m = 0, 1, · · ·

and

(5.8) Aq|γq〉 = |γq〉q.

Using (5.8) we can easily see that

A2
q|γq〉 = Aq|γq〉q = |γq〉q2.

Hence, as 〈γq|γq〉 = 1, we get

〈γq|Aq|γq〉 = q and 〈γq|A2
q|γq〉 = q2.

For the purpose of fitting long expressions in
double column, we let am =

√
m + 1 and

bm =
√

(m + 1)(m + 2). The action of the op-
erators, Aq̄, A2

q̄, Aq̄Aq and AqAq̄ on the RQCS
takes the form

Aq̄|γq〉 = e−|q|2/2
∞∑

m=0

Aq̄|em〉 qm

√
m!

= e−|q|2/2
∞∑

m=0

|em+1〉am
qm

√
m!

,
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the following sense:
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which still forms a set of RQCS with the same
normalization factor with q ∈ LI and a resolu-
tion of identity with the measure dµ(r, θ) =
1
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drdθ and the identity operator II
H,

which is the identity operator on the Hilbert
space H over the field LI . All other opera-
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q̄, , Q = QI , P = PI .
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I ∈ S such that q = x + Iy for some x, y ∈ R.
Now note that qI = (x+Iy)I = I(x+Iy) = Iq,
similarly qI = (x − Iy)I = I(x − Iy) = Iq.
That is, the commutativity holds among I, q
and q. Let us define the position and momen-
tum coordinates by

q =
1√
2
(q + q) and p =

−I√
2
(q − q),

then, with the aid of the commutativity among
I,q and q, the Hamiltonian can be calculated
as

Ĥ =
1
2
(
q2 + p2

)
= |q|2.

Recall that on a right quaternionic Hilbert
space operators are multiplied on the left by
quaternion scalars. From the position and mo-
mentum coordinates, using linearity, we get the
position operator, Q, and the momentum op-
erator, P , as

Q =
1√
2

(Aq + Aq) and

P =
−I√

2
(Aq − Aq) .

Since (Aq)† = Aq and (−I)† = I, the operators
P and Q are self-adjoint. Using the fact (2.9)
we can see that Aq(IAq) = IAqAq. With the
aid of this we get

QP =
[
(Aq + Aq)√

2

] [
−I

(Aq − Aq)√
2

]

= −1
2
I [Aq

2 + AqAq − AqAq − Aq
2]

and

PQ =
[
−I

(Aq − Aq)√
2

] [
(Aq + Aq)√

2

]

= −1
2
I [Aq

2 − AqAq + AqAq − Aq
2].

Thereby we have the commutator

[Q,P ] = QP − PQ = I [Aq, Aq] = IIH.

We also have

Q2 =
1
2

[Aq
2 + AqAq + AqAq + Aq

2] and

P 2 = −1
2

[Aq
2 − AqAq − AqAq + Aq

2]

Hence

Ĥ =
Q2 + P 2

2
=

1
2
[AqAq + AqAq]

= AqAq +
1
2
[AqAq − AqAq]

= N +
1
2

IH,

which is in complete analogy with the com-
plex case in the sense of canonical quantiza-
tion, which simply replaces the classical coor-
dinates by quantum observables (correspond-
ing self-adjoint operators).

5.2. Heisenberg uncertainty. In the follow-
ing we shall show that the RQCS saturate the
Heisenberg uncertainty relation and thereby
they form a set of intelligent states. We shall
also demonstrate that the RQCS are, in fact,
minimum uncertainty states. In order to com-
pute the expectation values of the involved op-
erators recall that Aq|e0〉 = 0,

Aq|em〉 =
√

m|em−1〉; m = 1, 2, · · ·
Aq̄|em〉 =

√
m + 1|em+1〉; m = 0, 1, · · ·

and

(5.8) Aq|γq〉 = |γq〉q.

Using (5.8) we can easily see that

A2
q|γq〉 = Aq|γq〉q = |γq〉q2.

Hence, as 〈γq|γq〉 = 1, we get

〈γq|Aq|γq〉 = q and 〈γq|A2
q|γq〉 = q2.

For the purpose of fitting long expressions in
double column, we let am =

√
m + 1 and

bm =
√

(m + 1)(m + 2). The action of the op-
erators, Aq̄, A2

q̄, Aq̄Aq and AqAq̄ on the RQCS
takes the form

Aq̄|γq〉 = e−|q|2/2
∞∑

m=0

Aq̄|em〉 qm

√
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= e−|q|2/2
∞∑
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|em+1〉am
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m!

,
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the following sense:

|γq〉 = |γq〉 |LI
,

which still forms a set of RQCS with the same
normalization factor with q ∈ LI and a resolu-
tion of identity with the measure dµ(r, θ) =
1
2π re−r2

drdθ and the identity operator II
H,

which is the identity operator on the Hilbert
space H over the field LI . All other opera-
tors should also be understood in the same way.
That is

Aq = AI
q, Aq̄ = AI

q̄, , Q = QI , P = PI .

In this regard, let q ∈ H, then there exists
I ∈ S such that q = x + Iy for some x, y ∈ R.
Now note that qI = (x+Iy)I = I(x+Iy) = Iq,
similarly qI = (x − Iy)I = I(x − Iy) = Iq.
That is, the commutativity holds among I, q
and q. Let us define the position and momen-
tum coordinates by

q =
1√
2
(q + q) and p =

−I√
2
(q − q),

then, with the aid of the commutativity among
I,q and q, the Hamiltonian can be calculated
as

Ĥ =
1
2
(
q2 + p2

)
= |q|2.

Recall that on a right quaternionic Hilbert
space operators are multiplied on the left by
quaternion scalars. From the position and mo-
mentum coordinates, using linearity, we get the
position operator, Q, and the momentum op-
erator, P , as

Q =
1√
2

(Aq + Aq) and

P =
−I√

2
(Aq − Aq) .

Since (Aq)† = Aq and (−I)† = I, the operators
P and Q are self-adjoint. Using the fact (2.9)
we can see that Aq(IAq) = IAqAq. With the
aid of this we get

QP =
[
(Aq + Aq)√

2

] [
−I

(Aq − Aq)√
2

]

= −1
2
I [Aq

2 + AqAq − AqAq − Aq
2]

and

PQ =
[
−I

(Aq − Aq)√
2

] [
(Aq + Aq)√

2

]

= −1
2
I [Aq

2 − AqAq + AqAq − Aq
2].

Thereby we have the commutator

[Q,P ] = QP − PQ = I [Aq, Aq] = IIH.

We also have

Q2 =
1
2

[Aq
2 + AqAq + AqAq + Aq

2] and

P 2 = −1
2

[Aq
2 − AqAq − AqAq + Aq

2]

Hence

Ĥ =
Q2 + P 2

2
=

1
2
[AqAq + AqAq]

= AqAq +
1
2
[AqAq − AqAq]

= N +
1
2

IH,

which is in complete analogy with the com-
plex case in the sense of canonical quantiza-
tion, which simply replaces the classical coor-
dinates by quantum observables (correspond-
ing self-adjoint operators).

5.2. Heisenberg uncertainty. In the follow-
ing we shall show that the RQCS saturate the
Heisenberg uncertainty relation and thereby
they form a set of intelligent states. We shall
also demonstrate that the RQCS are, in fact,
minimum uncertainty states. In order to com-
pute the expectation values of the involved op-
erators recall that Aq|e0〉 = 0,

Aq|em〉 =
√

m|em−1〉; m = 1, 2, · · ·
Aq̄|em〉 =

√
m + 1|em+1〉; m = 0, 1, · · ·

and

(5.8) Aq|γq〉 = |γq〉q.

Using (5.8) we can easily see that

A2
q|γq〉 = Aq|γq〉q = |γq〉q2.

Hence, as 〈γq|γq〉 = 1, we get

〈γq|Aq|γq〉 = q and 〈γq|A2
q|γq〉 = q2.

For the purpose of fitting long expressions in
double column, we let am =

√
m + 1 and

bm =
√

(m + 1)(m + 2). The action of the op-
erators, Aq̄, A2

q̄, Aq̄Aq and AqAq̄ on the RQCS
takes the form

Aq̄|γq〉 = e−|q|2/2
∞∑

m=0

Aq̄|em〉 qm

√
m!

= e−|q|2/2
∞∑

m=0

|em+1〉am
qm
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,
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and similarly,

A2
q̄|γq〉 = e−|q|2/2

∞∑
m=0

|em+2〉bm
qm

√
m!

,

Aq̄Aq|γq〉 = e−|q|2/2
∞∑

m=0

|em+1〉am
qm+1

√
m!

and

AqAq̄|γq〉 = e−|q|2/2
∞∑

m=0

|em〉a2
m

qm

√
m!

.

The dual of the CS is

〈γq| = e−|q|2/2
∞∑

m=0

q̄m

√
m!

〈em|.

Thereby we get the expectation values

〈γq|Aq̄|γq〉

= e−|q|2
∞∑

m=0

∞∑
n=0

q̄m

√
m!

〈em|en+1〉an
qn

√
n!

= e−|q|2
∞∑

m=0

q̄m+1qm

m!

= e−|q|2 q̄
∞∑

m=0

|q|2m

m!

= q̄,

and similarly,

〈γq|A2
q̄|γq〉 = q̄2,

〈γq|Aq̄Aq|γq〉 = q̄q = |q|2,
〈γq|AqAq̄|γq〉 = 1 + |q|2.

Using the above expectation values we can get
the expectation values of Q and Q2 as follows.

〈γq|Q|γq〉 =
1√
2
〈γq|Aq + Aq̄|γq〉

=
1√
2
[〈γq|Aq|γq〉 + 〈γq|Aq̄|γq〉]

=
1√
2
(q + q̄),

and hence

〈γq|Q|γq〉2 =
1
2
(q2 + 2|q|2 + q̄2).

Now for Q2

〈γq|Q2|γq〉
=

1
2
〈γq|A2

q + AqAq̄ + Aq̄AqA2
q̄|γq〉

=
1
2
[q2 + 1 + |q|2 + |q|2 + q̄2]

=
1
2
[q2 + 1 + 2|q|2 + q̄2].

Therefore the variance of Q becomes

〈∆Q〉2 = 〈γq|Q2|γq〉 − 〈γq|Q|γq〉2
= 1/2.

That is,

〈∆Q〉 =
1√
2
.

For the momentum operator P , we have

P |γq〉 =
(−I√

2
[Aq − Aq̄]

)
|γq〉

= ([Aq − Aq̄]|γq〉)
(−I√

2

)

= ([Aq − Aq̄]|γq〉)
(

I√
2

)
.

Thereby we get

〈γq|P |γq〉 = 〈γq|Aq − Aq̄|γq〉 I√
2

= [〈γq|Aq|γq〉 − 〈γq|Aq̄|γq〉] I√
2

= (q − q̄)
I√
2
,

hence, as I2 = −1, we obtain

〈γq|P |γq〉2 =
1
2
(−q2 + 2|q|2 − q̄2).

Now for P 2

〈γq|P 2|γq〉
= −1

2
〈γq|A2

q − AqAq̄ − Aq̄Aq + A2
q̄|γq〉

= −1
2
[q2 − 1 − |q|2 − |q|2 + q̄2]

= −1
2
[q2 − 1 − 2|q|2 + q̄2].

Therefore the variance of P becomes

〈∆P 〉2 = 〈γq|P 2|γq〉 − 〈γq|P |γq〉2
= 1/2.

That is,

〈∆P 〉 =
1√
2
.

As the conclusion of the above, we have

〈∆Q〉〈∆P 〉 =
1
2
.

Further, since [Q,P ] = IIH, we have

[Q,P ]|γq〉 = (IIH)|γq〉 = (IH|γq〉)Ī
= |γq〉(−I).

Therefore

〈γq|[Q,P ]|γq〉 = 〈γq|γq〉(−I) = −I.
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Hence
1
2
|〈[Q,P ]〉| =

1
2
| − I| =

1
2
.

The above can be recapitulated in one line as

〈∆Q〉〈∆P 〉 =
1
2
|〈[Q,P ]〉| =

1
2
.

That is, the RQCS |γq〉 saturate the Heisen-
berg uncertainty and, due to [Q, P ] = IIH, the
RQCS are minimum uncertainty states and are
intelligent states too, which is in complete anal-
ogy with the canonical CS of CQM.

6. Conclusion

Using the general scheme of CS quantization
the quaternion field is quantized in [1]. Us-
ing the annihilation operator, Aq, and the cre-
ation operator, Aq, in [1] the momentum op-
erator, P , and the position operator, Q, are
obtained as self-adjoint operators in a quater-
nionic Hilbert space. For the RQCS, and for
the operators P and Q, in this article, we have
examined the Heisenberg uncertainty princi-
ple. In fact, as expected, the RQCS saturated
the Heisenberg uncertainty, and thereby they
formed a set of intelligent states. Further, since
the operators P and Q satisfied the commuta-
tor relation [Q,P ] = IIH, we have presented
the RQCS as minimum uncertainty states. In
conclusion, even though the noncommutativity
of quaternions caused technical difficulties, in
most part, the quantization procedure and the
Heisenberg principle of quaternions followed its
complex counterpart. As the quantization and
the Heisenberg principle play an important role
in complex quantum mechanics, the material
presented in this manuscript can also play a
vital role in the quaternionic quantum mechan-
ics.
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